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Electrical Aspects of Adsorbing Colloid Flotation.
V. Nonideal Flocs and Salts

DAVID J. WILSON

DEPARTMENT OF CHEMISTRY
VANDERBILT UNIVERSITY
NASHVILLE, TENNESSEE 37235

Abstract

Three methods are developed for the calculation of adsorption isotherms in
precipitate and adsorbing colloid fiotation. The Gouy-Chapman model is used
in all three, with corrections for the effective volumes of the ions in the ionic
atmosphere and of the floc particles. The theories all predict a weak depend-
ence of adsorption isotherm on temperature and a stronger dependence on
ionic strength; increasing either variable decreases the surface adsorption.
The effects of film surface potential, floc zeta potential, ion and floc effective
volumes, and floc-floc screening are examined.

INTRODUCTION

A variety of foam flotation techniques has shown promise in the removal
of trace heavy metals and other toxic materials from water; these are
discussed in the first five references (/-5). We have found adsorbing
colloid flotation to be particularly effective, and have utilized it for the
removal of a number of heavy metals and fluoride (5-8). The technique
depends upon electrical interaction between the ionic surfactant film and
the charged particles of floc being removed; the magnitude of the at-
traction markedly decreases as the ionic strength of the aqueous phase is
increased, as was noted by Sheiham and Pinfold (9). We have used the
Gouy-Chapman model of the electric double-layer previously to calculate
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kinetic effects and equilibrium isotherms for precipitate flotation (10-13).
Useful references for this approach are the books by Verwey and Overbeek
and by Devereux and deBruyn (/4, 15), and the method has been used
by Jorné and Rubin to explain the effects of ionic size and charge on
selectivity in foam fractionation (16).

We here extend our earlier calculation of adsorption isotherms to take
into account both the finite volume of the floc particles and the finite
volume of the salt ions responsible for the ionic atmospheres of the
charged surfaces.

FIRST METHOD

We follow Macdonald and Brachman (/7), taking as our starting point
for the calculation of the electric potential in the vicinity of the planar
double-layer Eqgs. (1)H4):

oc*t 1 o[ ,ou*

B0 " Gy 5(0 7{) =0 )

de~ 1 o[/ _ou”

ot 6nnr_ 5:(“ _B;> =0 2)

%y —4n

ox - D p (3)
p=elct —c7) @)

where ¢*(7) = cation (anion) concentration, particles/cm?

put{7) = chemical potential of cations (anions)

r.(-y = effective ionic radius of cations (anions)
n = viscosity
x = distance into the solution from the surface
Y = electric potential, chosen such that y(x) — 0 as x becomes

large

D = dielectric constant of the solution
p = charge density

At equilibrium Egs. (1) and (2) yield the result that the u* are independ-
ent of x. We further assume that we are dealing with a 1-1 electrolyte, the
ions of which are of comparable effective radius. We wish to take the finite
volume of these ions into account in calculating the electric potential;
we do this by choosing an activity coefficient suggested by our earlier work
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on the effect of the finite volume of floc particles within the framework
of a cell model (12, 13). The chemical potentials of the ions are then given
by

cmn
pi(x) = ¢ + eY(x) + kTlog c*(x) + leogc — e 1) )
Note that c,,,/[cms — (¢ + ¢7)), the activity coefficient, approaches
unity at very low salt concentrations and becomes extremely large as
(¢* + ¢7) approaches c,,,, which is certainly the desired behavior. At
large distances from the surface we have

pt(w) = uf + kTlogc, + leog—C'"L- 6)

Crnax ~— zcao

Since the chemical potentials are independent of x, this yields

Coax _ _ , &Y(x) +
loge, + logcm“ e = + T + log c*(x)

oo

+ log @)

Cmasx
Crmax — [C+(X) + C—(X)]

From Eq. (7) we obtain
x

Cos — (€T +C) Coax — 2€Co0 - kT

from which it can be readily shown that

Cﬂ‘lll.fi
L+ f* +f°
Substitution of Eqs. (8) and (9) into (4), and (4) into (3) then yields a
modified Poisson-Boltzmann equation,

c*(x) =

)

d*y  Asinh(ey/kT)

dx®> ~ 1 + Bcosh (ey/kT) (10)
where
8rnec,,
A= 0" 2c/cmdD
and

B = 2cm/(cmu - zcm)
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Use of Newton’s method then yields a first integral of Eq. (10);

dy _ —Wol[ 24KT | + Bcosh ey/kT 7'
dx~ U, | eB °B 1 + B

Here y = Y(x = 0).

We now examine the distribution of floc particles in the vicinity of the
surface. From our earlier work on a cell model (72, 13), a suitable choice
for the chemical potential of a floc particle is

(1)

wx) = po + q¥(x) + kT log [CL c’J (12)

max — C

where g = charge of floc particle

¢’ = floc concentration, particles/cm?
Crmay = maximum possible floc concentration

At equilibrium we have u(x) independent of x, which readily yields

Coo [ - qll/(X)] c'(x)
exp

T = culenm P kT | = T= (e 13

from which we obtain
‘ —qu/k
o) = cclm exp (—qy/kT) (12)
1+ == [exp (—qy/kT) — 1]

max

We define the surface excess of floc per cm?, s, as

s = r) [¢'(x) — ¢ }dx (15
0

It is advantageous here to change the variable of integration from x to y;
when this is done and Eqs. (11) and (14) are substituted into Eq. (15), we
obtain

s = c, l—c:’° M eB '
S c:hl! ‘[’o 2AkT

9 .[“ [exp (—qy/kT — 1]d¥ -
{1+ 2 texpt-quikn) - 1)} fiog 2SR D]

cmax

(16)
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The isotherms calculated from Eq. (16) are illustrated in Fig. I and 2.
The effect of varying c;,,,, the maximum possible floc concentration, is
shown in Fig. I. We expect c},,, to be inversely proportional to the average
volume of a floc particle, so that one should multiply s by the molar volume
of the floc particles to obtain the volume of floc adsorbed on the surface.
(The concentrations in the figures are given in moles per cm? or cm?,
rather than molecules per cm? or cm3.) The effect of the maximum possible
salt concentration, c,,,, is shown in Fig. 2. Decreasing c,,, results in a
thicker, more diffuse ionic atmosphere, which in turn permits the adsorp-
tion of more floc particles. We hope to test this result experimentally by
floc flotation of ferric hydroxide from solutions in which salts of markedly
different ionic radii are used to adjust the ionic strength. In view of the
results shown, we do not anticipate that the effect will be a large one;
Cmax fOr CsClO, is expected to be of the order of 0.014 mole/cm?, as-
suming no hydration. If a hydration sphere is taken into account, this
figure might be reduced to roughly 10~ mole/cm®.

At high floc concentrations the isotherms are seen to go through
maxima, as shown in Fig. 3 for two different ionic strengths, and in Fig. 4
for various temperatures. The adsorption isotherms are seen to depend
on temperature only weakly, as we have observed qualitatively in our
experimental work.

Cmox
10Fx10™" moles /em? o 3
3IxI0”
8 1073
s 6r
3x107?
4t
2+ 1074
moles/cm3
5 10 15 20 25 30
¢ %107 moles/cm3

F1G. 1. First method. Plot of surface excess of floc (s) versus floc concentration
(c); effect of ¢'max. wo = —100mv, T = 298°K, ¢ = lie|, co = 10~3 mole/
cm?, ¢pay = 1072 mole/cm?.
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4 x10™" moles/cm? Cmax
1075
3t
3x1073
1074
> 3x1074
. moles/cm3
I
—t 1 L A
5 o 15 20 25 30
¢ x1078 moles/cm3
Fic. 2. Plot of s versus ¢'; effect of varying cmas. wo = —100 mv, T = 298°K,
Cw = 10~% molefem?, g = lle|.
25, x10" " motes/cm?
20} o
107
151
2xi0™3
moles/cm3
I0F
S
2 4 6
e x10™% moles/cm3
FIG. 3. Plot of s versus ¢’; effect of varying c.. wo = —100mv, T = 298°K,

Cmax = 10~* mole/cm?®, ¢'may = 1072 molefem?, g = 1lel.
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n n i -

15 30 45 o 60
c x 107  moles/cin3
Fi1G. 4. Plot of s versus ¢’; effect of temperature. yo = —100 mv, ¢, = 10~%,

Cmax = 3 X 1075, ¢’quy = 1073 molefcm3, g = lje].

SECOND METHOD

Our first approach, outlined above, provides us with a very rapid,
cheap way of computing adsorption isotherms with inclusion of nonideal
effects; it does not permit us, however, to take into account the formation
of an ionic atmosphere in the vicinity of the floc surface. To include this
in our consideration, we modify a method used by Devereux and deBruyn
(15). .

Let the potential of the surfactant-coated surface be \},, the surface
potential of the floc particle be /,, and the distance between the surfactant
film and the surface presented toward it by the floc particle be /. Let the
surface area presented toward the film by the floc particle be a2, Our modi-
fied Poisson-Boltzmann equation is Eq. (10), with boundary conditions
W(0) = Y, Y(I) = v,. Integration of Eq. (10) twice then leads to the result

v = ([Yol/Po) dy’
xY) = Lo {[dw(O)]z + 24kT 2 1 0-i- B cosh el//’/kT}”2 an

dx B 8 TY Bcosh ey kT
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We calculate di(0)/dx from the requirement that

-] —(ollio) v’ 8
vo {[d(//m)}z _2AKT T+ Beoshey kT |7
dx eB BT+ Bcosh elllo/kT}
We define '
H(l) = (dy(0)/dx)? (19)

Now the electric force of attraction per unit area of floc presented is given
by 1 D(dy/dx)?. The osmotic force of repulsion per unit area is zero in that
plane where ¥(x) = 0. So the force per floc particle presenting area a*
to the surface is given by

a’D(dy\?
-2(&) ... 0
Now the first integral of Eq. (10) yields
ay\? 24kT_ 1 + Bcoshey/kT
(E) =HO + eB lOgl + Bcosh ey /kT n
so that at = 0 we have
dy\? _ 24AkT 1 + Bcosh ey /kT
<dx) yoo HW) = =5 log T+ B (22)

Then the electrical contribution to the free energy of the floc particle is
given by

Gull) = — ff(l') dr

a*D °°<d|//>z
- - (F dr
2 L ax) | o0
_ —a’D([* w 24kT 1+ Bcoshey,/kT]
) L[H(I)— B o8 1+ B dl

(23)

We then obtain an expression for the local floc concentration by replac-
ing qy(x) in Eq. (14) by G,,..(x). The surface excess of floc is defined as



14: 14 25 January 2011

Downl oaded At:

ELECTRICAL ASPECTS. V 399

before, and we obtain finally

S A (). 2 N T

ac ’ 7

o) 30 (1 = Z2) exp [Gun KT + 3

!
max cmax

sexcess

Unfortunately, the numerical evaluation of Eq. (24) via the use of Eq.
(23) consumes an excessive amount of machine time. We therefore employ
an alternate approach (/5), using as our starting point

2 1 101
G(l) = — % W, — ¥o)* + a* j'; L%dx da (25)
Now
. D &*y? D 1A sinh (Bey)

r= _Et?;r=_ztl+3cosh(ﬁe,w/) (26)
from Eq. (10), and
0 oyt
1 _ 1 - T
wd}‘_al(wl)d)‘ '16}. dA 27
This then yields
Da? , ('[! DAd*sinh(Bedy') @ .
6D = =g Wo= )" = L L G + Boosh (Perg T o1 V) A

1 (1 Da* 3yt 3*y! Da?
[ G = —gqWe— 0P + L + L

olo 4m 04 0x°

(28)

On integrating I, with respect to 4 we obtain

! DAa? 1 + Bcosh (Bey)
I, = — L4neﬁBIog‘[ T8 dx (29)
The second integral can be reduced by noting that

Da? (1 [t 3 (dyh\?

he =g [ (e ae eo

which yields

Da [*(3y\* , D
h= - R [(5) &+ gmte — w7 )

[
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On substituting Egs. (29) and (31) into Eq. (28) and changing the
variable of integration from x to ¥, we obtain

(1 + Bcosh fey)?
D 2
6 = - %j

wH + Clog i g cosh Bevg)

o i1 Ciog Lt Beosh ey 7 dy  (32)
10g1 + Bcosh ey,

where

P(0)\? 2a
H = ( o ) and C = M

Actually, what we wish to use in Eq. (24) is G(x) — G(cc), which latter
is not zero. We calculate G(o) as follows. From Eq. (11) we have

(4 d‘ll
xY') = 2 "
1 3 h 1/
Lo {H + Clogr%ié%m_%}

Now if I = o0, the denominator of the integrand must vanish as ' — 0,
which yields

1 + Bcosh fey,

H(w) = Clog T B (34
and then
(1 + Bcos fey)?
Da? v H(0) + Clog(l + BYX1 + Bcos fey,)
G(0) = — —8;_[ ' 1 + Bcosh fey ]”2 4 35

vo
[H(OO) + Clogl + Bcosh Bey,
G(x) — G(o0) is then substituted for G, ..(x) in Eq. (24).

We note in passing that a result essentially identical to Eq. (24) can be
derived by applying statistical mechanical methods to a cell model. The
calculation is similar to a somewhat simpler one we described earlier (13)
and the method is illustrated in the next section of the present paper, so
we omit it.

Use of Eq. (24) for ihe calculation of adsorption isotherms requires
approximately 10 times as much computer time as is required by method
one, Eq. (16). The shapes of the resulting isotherms are quite similar, as
is seen by comparing Fig. 5 and those portions of the isotherms of Fig. 3
between 0and 2 x 10~° mole/cm?®, which correspond to the full horizontal
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6rx10"8%cm
al
$/C'max
2k
05 10 5 20

FI1G. 5. Second method. Plot of surface excess of floc (s) versus floc concen-

tration (0 = ¢’/c’ mar); effect of co. Wo = —100, y; = 100 MV, Cmyy = 1073

mole/cm?®, T = 300°K, a = 5 x 10~% cm. To compare Figs. 5 through 9 with

1 through 4, multiply both ordinates and abscissas by ¢’ ma, Which in most of
the first four figures is 10~ 2 mole/cm?.

4 %107%cm
$/Cmax
2}
05 10 15 20

FIG. 6. Plot of 5/¢'max Versus o; effect of Cmaz. Cmax = 5 X 107%,10-2,2 x [0-3
mole/cm? from top down; wo = —100, w;, = 100 mv, co = 2 X 10~* mole/
cm?, T = 300°K,a = 5 x 10-%cm.
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6 (xlo'acm
al
S$/Cmax
2k
b AL A L J
05 10 A5 20
a

FIG. 7. Plot of s/c’ e Versus o; effect of temperature. T = 300, 320, 340, 360°K
from top down; yo = —100, y; = 100 mv, cp = 1073, Cpmax = 1073 mole/
cm®,a=5 x 108 cm.

6rxi08cm
4}
$/Cmax
2k
05 10 15 20
(o
FIG. 8. Plot of 5/c’max Versus a; effect of wo. wo = —100, —50 mv from top

down; o = 10-5, cpe = 1073 mole/cm?, T = 300°K, a =5 x 10~%cm.
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16rx10"8 cm

$/Cmox

Y 1 " —

05 10 15 20
[«a

FIG. 9. Plot of 5/¢c’ma: versus o; effect of a. a = 10-7, 5 x 10~% cm from top
down, wo = —100, y, = 100mv, ¢, = 1073, Cmax = 1072 molefem3, T =
300°K.

scale of Fig. 5. Isotherms calculated by method two exhibit the expected
decrease with increasing ionic strength (Fig. 5), and show a slight increase
with increasing size of the ions composing the ionic atmosphere (Fig. 6).
The temperature dependence of the isotherms is relatively slight, as shown
in Fig. 7; a 60° temperature change results in a roughly 109 change in
the isotherms. A decrease in the magnitude of the surface potential, ¥,
of the surfactant layer decreases the adsorption isotherm, as shown in
Fig. 8; an identical effect is observed if the zeta potential of the floc par-
ticles (1,) is decreased. Increasing the size of the floc particles results in
very marked increases in the adsorption isotherms, as seen in Fig. 9.

THIRD METHOD

Our second approach takes excluded volume effects of both the inert
salt and the floc into account, and includes the effects of ionic atmospheres
of both the surfactant-coated surface and the floc surface. It does not
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consider the screening of the electric potential produced by the surfactant-
coated surface by other floc particles between this surface and the floc
particle on which we are focusing our attention. It is difficult to estimate
the extent to which such screening is effective; we examine here the limiting
case in which it is completely effective. We note that we are still neglecting
the mutual repulsions of the floc particles for each other. We use the
grand partition function for a single site, and assume m cells (each capable
of containing one floc particle) per site. We use Hill’s notation (I8).
The grand partition function for a single site is given by

¢ = i q(k)2* (36)
k=0
q(0) =1
at) = § exp [~ EG]
m—k+1 m—k+2 . m—1 m
gky= % ¥ - X Y. exp[—BEG,)]
=1 I=ii+1 fe—1®ik=2%1 i=ix-1+1

The summations over i,- - -, are readily shown to yield a factor
(m— i)Ytk -~ Dim — i, — k + 1)!

SO

mok+1  (m — i) exp [—BE(,)]
k) = y;l TEDICE _k+‘1)!, m=kz=1 (37
This yields
m om-k+1 (m — 1)12¥ exp [— BE())
(=1+% % k—1D'm—1i—k+ 1)

k=1 i=1

(38)

Now from our earlier work (12), A = ¢/(1 — o), where o is the density of
floc particles per cell a large distance from the surface. Also, s, the average
number of floc particles per site, is given by

_ ,(0log. &
o= (),

m mk+1 k(m — i)! A* exp [— BE()]

kgl = k=D!m—i—-k+ D!
= m omk+1 (m — i)l )% exp [—BE(i)]
! +k§l 1;1 k=—1Dm-—-i-k+ D!

(39)
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Saxe

2 1 1 J

05 10 5 20

FI1G. 10. Third model. Plot of 5... versus o; effect of co. coo = 1075, 5 x 1072,

104, 2 x 10~* mole/cm? from top down; wo = —100, y, = 100 mv, T =

300°K, Cmax = 1072 mole/cm?®. If ¢, is taken as 1073 mole/cm?, then data

from Figs. 10 through 14 should be multiplied by 1.184 x 10-1° (ordinates)
and 103 (abscissas) for comparison with Figs. 1 through 4.

Then s,,.. = 5§ — mo. In evaluating Eq. (39), we use the same formula
for calculating the electrical energy of the floc particle nearest the surface
as was used in the second method, G(x;) — G(c0).

The third method requires roughly one-fifth as much computer time for
the calculation of an isotherm as does the second method. Isotherms
calculated by the third method show more linearity at low concentrations
and rise to their maxima at lower concentrations than do isotherms cal-
culated by the second method, as seen by comparing Figs. 5 and 10. The
dependence of the isotherms on ionic strength is much less in Fig. 10
(third method) than in Fig. 5 (second method) as one goes to higher con-
centrations, as one would intuitively expect. The effects of the volume
of the ions composing the ionic atmosphere (Fig. 11) are very similar to
those observed for the second method (Fig. 6). The effects of temperature
are also very similar for the two methods of approach as seen on com-
paring Fig. 12 with Fig. 7.

Figure 13 exhibits the expected increase in adsorption isotherm with
increase in magnitude of the surface potential of the surfactant film, ¥,.
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§0!C

1 L 1 ]

05 10 A5 .20

F1G. 11. Plot of 5y versus o; effect Of Cmay- Cmax = 5 X 1074, 10-2,2 x 10-2
mole/cm? from top down; yq = —100, wy = 100 mv, ¢, = 2 X 10~* mole/
cem3, T=300K,a =5 x 10-% cm.

.7r

suc

1 L 1 ]

05 Ble] 15 20

FiG. 12. Plot of 5., versus a; effect of temperature. T = 300, 320, 340, 360°K
from top down; wo = —100, y, = 100 mV, Cw = 1073, Cpax = 10~2 mole/
cmd, g=5 x 10-%cm.
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St
sllc
3/ .
A
05 10 A5 20

(<2

FiG. 13. Plot of 5., versus o; effect of wo. wo = —100, —50 mv from top
down; w, = 100mv, ¢x = 1073, ¢y = 107° mole/em3, T = 300°K, a =
5 x 10-% cm,

.6 (\
Sexe
05 10 15 20

o2

[

FiG. 14, Plot of 5, versus g; effect of a.a = 10~7,5 x 10~% cm; yo = —100,
w1 = 100mv, ¢, = 10753, cpax = 10”2 mole/cm?®, T = 300°K.

407
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A comparison of the lower curves in Figs. 13 and 8 shows quite clearly
the difference in behavior at low concentrations. This may be due, at least
in part, to the fact that the third method involves the use of a discrete cell
model, while the second does not. Figure 14 shows the very great dif-
ferences which result as the size of the particles is increased. The behavior
seen here is markedly different from that observed for the second method
(Fig. 9). In either case, however, it is evident that anything which results
in larger floc particle size without a corresponding decrease in floc particle
zeta potential will improve the effectiveness of floc foam flotation separa-
tions.

CONCLUSIONS

We draw the following conclusions:

(1) Practically any reasonable model for floc adsorption on an ionic
surfactant film predicts decreasing isotherms with increasing ionic
strength and temperature, although the temperature dependence
is weak.

(2) For ions of realistic size, the effect of the size of the ions constitut-
ing the ionic atmospheres of the floc particles and the surfactant
film is rather small for all our models.

(3) Increasing the magnitude of the film surface potential or the
magnitude of the floc charge (or zeta potential) increases the
isotherms for all our models.

(4) Increasing floc particle size at constant zeta potential (or particle
charge) increases the isotherms for all our models.
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