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SEPARATION SCIENCE, I1(4), pp. 391409, 1976 

Electrical Aspects of Adsorbing Colloid Flotation. 
V. Nonideal Flocs and Salts 

DAVID J. WILSON 
DEPARTMENT OF CHEMlSTRY 
VANDERBILT UNIVERSITY 
NASHVILLE, TENNESSEE 37235 

Abstract 

Three methods are developed for the calculation of adsorption isotherms in 
precipitate and adsorbing colloid flotation. The Gouy-Chapman model is used 
in all three, with corrections for the effective volumes of the ions in the ionic 
atmosphere and of the floc particles. The theories all predict a weak depend- 
ence of adsorption isotherm on temperature and a stronger dependence on 
ionic strength; increasing either variable decreases the surface adsorption. 
The effects of film surface potential, floc zeta potential, ion and floc effective 
volumes, and floc-floc screening are examined. 

INTRODUCTION 

A variety of foam flotation techniques has shown promise in the removal 
of trace heavy metals and other toxic materials from water; these are 
discussed in the first five references (1-5). We have found adsorbing 
colloid flotation to be particularly effective, and have utilized it for the 
removal of a number of heavy metals and fluoride (5-8). The technique 
depends upon electrical interaction between the ionic surfactant film and 
the charged particles of floc being removed; the magnitude of the at- 
traction markedly decreases as the ionic strength of the aqueous phase is 
increased, as was noted by Sheiham and Pinfold (9). We have used the 
Gouy-Chapman model of the electric double-layer previously to calculate 
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392 WILSON 

kinetic effects and equilibrium isotherms for precipitate flotation (ZO-23). 
Useful references for this approach are the books by Verwey and Overbeek 
and by Devereux and deBruyn (14, IS), and the method has been used 
by Jornt and Rubin to explain the effects of ionic size and charge on 
selectivity in foam fractionation (16). 

We here extend our earlier calculation of adsorption isotherms to take 
into account both the finite volume of the floc particles and the finite 
volume of the salt ions responsible for the ionic atmospheres of the 
charged surfaces. 

FIRST METHOD 

We follow Macdonald and Brachman (17), taking as our starting point 
for the calculation of the electric potential in the vicinity of the planar 
double-layer Eqs. (1)-(4) : 

a'+ 1 a ap+ 
at 
-=-- 

6nqr+ ax('+ x) = 0 

p = e(c+ - c-) (4) 

where c+(-)  = cation (anion) concentration, particles/cm3 
pL+(-) = chemical potential of cations (anions) 
r + ( - )  = effective ionic radius of cations (anions) 

q = viscosity 
x = distance into the solution from the surface 
J/ = electric potential, chosen such that $(x) + 0 as x becomes 

D = dielectric constant of the solution 
p = charge density 

large 

At equilibrium Eqs. (1) and (2) yield the result that the p* are independ- 
ent of x.  We further assume that we are dealing with a 1-1 electrolyte, the 
ions of which are of comparable effective radius. We wish to take the finite 
volume of these ions into account in calculating the electric potential; 
we do this by choosing an activity coefficient suggested by our earlier work 
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ELECTRICAL ASPECTS. V 393 

on the effect of the finite volume of floc particles within the framework 
of a cell model (12, 13). The chemical potentials of the ions are then given 
by 

n 

( 5 )  c,,, - (C+ + c - )  
'max p'(x) = pof f e$(x) + kTlogc*(x)  + kTlog 

Note that c,,,/[c,,, - (c+ + c-)], the activity coefficient, approaches 
unity at very low salt concentrations and becomes extremely large as 
(c+ + c - )  approaches cmaX, which is certainly the desired behavior. At 
large distances from the surface we have 

Since the chemical potentials are independent of x ,  this yields 

From Eq. (7) we obtain 

from which it can be readily shown that 

C m a x f  * 
1 +f+ +f- C*(X) = (9) 

Substitution of Eqs. (8) and (9) into (4), and (4) into (3) then yields a 
modified Poisson-Boltzmann equation, 

d2$ A sinh (e#]kT) 
dx2 = 1 + Bcosh (e$/kT) 

where 

and 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
4
:
1
4
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



394 WILSON 

Use of Newton's method then yields a first integral of Eq. (10); 

Here $o = $(x = 0). 
We now examine the distribution of floc particles in the vicinity of the 

surface. From our earlier work on a cell model ( I t ,  13), a suitable choice 
for the chemical potential of a floc particle is 

where q = charge of floc particle 
c' = floc concentration, particles/cm' 

ckax = maximum possible floc concentration 

At equilibrium we have ~ ( x )  independent of x ,  which readily yields 

cb, e x p [ p ]  = c ' (4  
1 - CkOICLax 1 - c'(x)/c~,x 

from which we obtain 

I + -?[exp(-q$/kT) - 11 
Cmax 

We define the surface excess of floc per cm2, s, as 

r m  
s = J [c'(x) - c ' , ] ~ x  

0 

It  is advantageous here to change the variable of integration from x to $; 
when this is done and Eqs. (1 1) and (14) are substituted into Eq. (15), we 
obtain 
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ELECTRICAL ASPECTS. V 395 

The isotherms calculated from Eq. (16) are illustrated in Fig. 1 and 2. 
The effect of varying ckal, the maximum possible floc concentration, is 
shown in Fig. I .  We expect to be inversely proportional to the average 
volume of a floc particle, so that one should multiply s by the molar volume 
of the floc particles to obtain the volume of floc adsorbed on the surface. 
(The concentrations in the figures are given in moles per cmz or cm3, 
rather than molecules per cm2 or cm3.) The effect of the maximum possible 
salt concentration, cma,, is shown in Fig. 2. Decreasing c,,, results in a 
thicker, more diffuse ionic atmosphere, which in turn permits the adsorp 
tion of more floc particles. We hope to test this result experimentally by 
floc flotation of ferric hydroxide from solutions in  which salts of markedly 
different ionic radii are used to adjust the ionic strength. In view of the 
results shown, we do not anticipate that the effect will be a large one; 
c,,, for CsClO, is expected to be of the order of 0.014 mole/cm3, as- 
suming no hydration. If a hydration sphere is taken into account, this 
figure might be reduced to roughly 

At high floc concentrations the isotherms are seen to go through 
maxima, as shown in Fig. 3 for two different ionic strengths, and in Fig. 4 
for various temperatures. The adsorption isotherms are seen to depend 
on temperature only weakly, as we have observed qualitatively in our 
experimental work. 

mole/cm3. 

C k *  
10-2 

~ x I O - ~  10 - XIO-” moles/cm2 

I O - ~  8 -  

6- 
5 

~ x I O - ~  

I O - ~  
rnoles/un3 

5 10 15 20 25 30 
c‘ x rno1es/crn3 

FIO. 1 .  First method. Plot of surface e x e s  of floc (s) versus floc concentration 
(c‘); effect of dmX. yo = -100 mv, T = 298”K, q = Ilel, cm = lo-’ mole/ 

cm3. em. = mole/cm3. 
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396 WILSON 

5 I0 I5 20 25 30 
C' XIO-6 mo1es/cm3 

FIG. 2. Plot of s versus c'; effect of varying cmX. vo = -100 mv, T = 298°K. 
cm = mole/cm3, q = 1Jel. 

25, xIO-" moles/cm2 

FIG. 3. Plot of s versus c'; effect of varying cm. wo = -100 mv, T = 298"K, 
c,, = mole/cm3, c',, = 1 0 - ~  mole/cm', q = lie\. 
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ELECTRICAL ASPECTS. V 

I I 

15 30 45 60 
C‘ x 1 0 - ~ 1 t , ~ 1 ~ s / ~ ~ 3  

Fro. 4. Plot of s versus c’; effect of temperature. yo = -100 mv, c, = 
cmI. = 3 x c’,, = mole/crn3, q = lie[. 

SECOND METHOD 

Our first approach, outlined above, provides us with a very rapid, 
cheap way of computing adsorption isotherms with inclusion of nonideal 
effects; it does not permit us, however, to take into account the formation 
of an ionic atmosphere in the vicinity of the floc surface. To include this 
in our consideration, we modify a method used by Devereux and deBruyn 

Let the potential of the surfactant-coated surface be t j 0 ,  the surface 
potential of the floc particle be $1, and the distance between the surfactant 
film and the surface presented toward it by the floc particle be 1. Let the 
surface area presented toward the film by the floc particle be u2. Our modi- 
fied Poisson-Boltzmann equation is Eq. (lo), with boundary conditions 
$(O) = $o, $(/) = t,bl. Integration of Eq. (10) twice then leads to the result 

(15). 
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398 WILSON 

We calculate d$(O)/dx from the requirement that 

We define 

W )  = (~$(O)/dXl2 (19) 

Now the electric force of attraction per unit area of floc presented is given 
by fD(d$/dx)2. The osmotic force of repulsion per unit area is zero in that 
plane where $(x) = 0. So the force per floc particle presenting area a’ 
to the surface is given by 

Now the first integral of Eq. (10) yields 

(21) 
2 2AkT 1 + Bcosh e$/kT 

log 1 + B cosh e$,/kT e) = H(z)  +- 

so that at $ = 0 we have 

(22)  

Then the electrical contribution to the free energy of the floc particle is 
given by 

2 A k T  1 + B cosh e$olkT 
l + B  @’I = H ( l )  --log 

S=O eB 

1 + Bcosh e$,/kT 
l + B  

(23) 

We then obtain an expression for the local floc concentration by replac- 
ing q$(x) in Eq. (14) by Gelec(x). The surface excess of floc is  defined as 
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399 ELECTRICAL ASPECTS. V 

before, and we obtain finally 

Unfortunately, the numerical evaluation of Eq. (24) via the use of Eq. 
(23) consumes an excessive amount of machine time. We therefore employ 
an alternate approach (15), using as our starting point 

Now 

(26) 
D a2$l D I A  sinh (fleA$) 
4x ax 2'-- 

= -- 
4n 1 + B cosh (Ben$) 

from Eq. (lo), and 

This then yields 

On integrating I ,  with respect to 1 we obtain 

(29) 1 dx 
1 + Bcosh (Be$) [ l + B  

The second integral can be reduced by noting that 

I - -"J[ 1 -(-) a 2 dIdx 
2 -  81L oan ax 

which yields 
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400 WILSON 

On substituting Eqs. (29) and (31) into Eq. (28) and changing the 
variable of integration from x to we obtain 

(1 + Bcosh Be$)’ 
log (1 + B)(1 + B cosh 

1 + Bcosh Be$]’’’  ’* (32) 
1 + Bcosh&$,, 

+ 

8n $0 [x, c i o g  
G(I) = - 5’’ 

where 

Actually, what we wish to use in Eq. (24) is C(x)  - G(co), which latter 
is not zero. We calculate G(m) as follows. From Eq. (11) we have 

Now if I -+ co, the denominator of the integrand must vanish as $’ -+ 0, 
which yields 

(34) 
1 + B cosh 

l + B  H(00) = Clog 

and then 

G(x) - G(m) is then substituted for GC,Jx) in Eq. (24). 
We note in passing that a result essentially identical to Eq. (24) can be 

derived by applying statistical mechanical methods to a cell model. The 
calculation is similar to a somewhat simpler one we described earlier (13) 
and the method is illustrated in the next section of the present paper, SO 

we omit it. 
Use of Eq. (24) for ihe calculation of adsorption isotherms requires 

approximately 10 times as much computer time as is required by method 
one, Eq. (16). The shapes of the resulting isotherms are quite similar, as 
is seen by comparing Fig. 5 and those portions of the isotherms of Fig. 3 
between 0 and 2 x lo-’ mole/cm3, which correspond to the full horizontal 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
4
:
1
4
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



ELECTRICAL ASPECTS. V 401 

4 

s/c’,, 

2 

I 
.05 10 .I5 .20 

U 

FIG. 5. Second method. Plot of surface excess of floc (s) versus floc concen- 
tration (a = c’/c’,,,.A; effect of c- .  yo = -100, ‘yl = 100mv, c,. = lo-’ 
mole/cm3, T = 300°K. u = 5 x cm. To compare Figs. 5 through 9 with 
1 through 4, multiply both ordinates and abscissas by c‘,,,,.. which in most of 

the first four figures is lo-’ mole/cm3. 

I 

FIG. 6. Plot of s/c’,,,,, versus a; effect of c,,,... c,, = 5 x lo-*, 
mole/cm3 from top down; yo = -100. y1 = 100 mv. c, = 2 x 

2 x IO-” 
mole/ 

cm’, T = 300°K. u = 5 x 10-8 cm. 
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402 WILSON 

Y 

.05 .I0 .I5 .20 
U 

FIG. 7. Plot of S/C',.~ versus a; effect of temperature. T = 300,320,340,360"K 
from top down; v,, = -100, I, = 100mv, cm = c,,* = mole/ 

cm3, u = 5 x cm. 

.05 .I0 .I5 20 
0- 

FIG. 8. Plot of s/c',,,.. versus cr; effect of yo. v0 = -100 ,  -50 mv from top 
down; cm = lo-'. cm. = mole/cm3, T = 300"K, u = 5 x cm. 
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ELECTRICAL ASPECTS. V 

16 xlO-'cm r 

403 

I 1 

.05 .I0 .I5 .20 
CT 

FIG. 9. Plot of s/c',.. versus cr; effect of u. u = lo-', 5 x cm from top 
down, Y O  = -100, I, = 100mv, cm = c,,,,~ = mole/cm3, T =  

300°K. 

scale of Fig. 5. Isotherms calculated by method two exhibit the expected 
decrease with increasing ionic strength (Fig. 5) ,  and show a slight increase 
with increasing size of the ions composing the ionic atmosphere (Fig. 6).  
The temperature dependence of the isotherms is relatively slight, as shown 
in Fig. 7;  a 60" temperature change results in a roughly 10% change in 
the isotherms. A decrease in the magnitude of the surface potential, Jlo, 
of the surfactant layer decreases the adsorption isotherm, as shown in 
Fig. 8; an identical effect is observed if the zeta potential of the floc par- 
ticles ( J l l )  is decreased. Increasing the size of the floc particles results in 
very marked increases in the adsorption isotherms, as seen in Fig. 9. 

THIRD METHOD 

Our second approach takes excluded volume effects of both the inert 
salt and the floc into account, and includes the effects of ionic atmospheres 
of both the surfactantcoated surface and the floc surface. It does not 
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404 WILSON 

consider the screening of the electric potential produced by the surfactant- 
coated surface by other floc particles between this surface and the floc 
particle on which we are focusing our attention. It is difficult to estimate 
the extent to which such screening is effective; we examine here the limiting 
case in which it is completely effective. We note that we are still neglecting 
the mutual repulsions of the floc particles for each other. We use the 
grand partition function for a single site, and assume m cells (each capable 
of containing one floc particle) per site. We use Hill’s notation (18). 

The grand partition function for a single site is given by 

The summations over i, . - - ik are readily shown to yield a factor 

(m - il)!/(k - l)!(m - i, - k + l ) !  

so 
n- k+ 1 (m - i,)! exp [ - P € ( i l ) ]  

(k  - l ) ! (m - i, - k + l ) ! ’  4 ( k ) =  m 2 k 2 l  

This yields 

(rn - 1) !Ak exp [ - /X(i)] m m - k + l  ‘= * +El zl (k  - l)!(m - i -  k + I ) !  
Now from our earlier work (12), A .= o/(l - o), where o is the density of 
floc particles per cell a large distance from the surface. Also, s, the average 
number of floc particles per site, is given by 

m - k + f  k(m - i)! Ak exp [ - f lE( i ) ]  - 9 - 9  

(39) k e l  (k - I)! (m - i - k + I)! - - 
m m - k + l  (m - i)! 2 exp [ - P E ( ~ ) ]  

+El zl (k - I)!(m - i - k + l)! 
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ELECTRICAL ASPECTS. V 405 

I I 

.05 .I0 .I5 20 
U 

FIG. 10. Third model. Plot of S... versus a; effect of cm. cm = lo-’, 5 x lo-’, 
mole/cm3 from top down; yo = -100, ty, = 100mv. T =  

300°K. c,,,,~ = mole/cm3, then data 
from Figs. 10 through 14 should be multiplied by 1.184 x lo-’’ (ordinates) 

2 x 
mole/cm3. If c‘,,,,. is taken as 

and (abscissas) for comparison with Figs. 1 through 4. 

Then s,,,,,, = s - mu. In evaluating Eq. (39), we use the same formula 
for calculating the electrical energy of the floc particle nearest the surface 
as was used in the second method, C ( x , )  - C(o0). 

The third method requires roughly one-fifth as much computer time for 
the calculation of an isotherm as does the second method. Isotherms 
calculated by the third method show more linearity at  low concentrations 
and rise to their maxima at  lower concentrations than do isotherms cal- 
culated by the second method, as seen by comparing Figs. 5 and 10. The 
dependence of the isotherms on ionic strength is much less in Fig. 10 
(third method) than in Fig. 5 (second method) as one goes to higher con- 
centrations, as one would intuitively expect. The effects of the volume 
of the ions composing the ionic atmosphere (Fig. 11) are very similar to 
those observed for the second method (Fig. 6 ) .  The effects of temperature 
are also very similar for the two methods of approach as seen on com- 
paring Fig. 12 with Fig. 7. 

Figure 13 exhibits the expected increase in adsorption isotherm with 
increase in magnitude of the surface potential of the surfactant film, $o. 
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.05 .I0 .I5 .20 
U 

FIG. 11. Plot of iexc versus a; effect of c,,,.~. c,, = 5 x 
mole/cm3 from top down; yo = - 100, y1 = 100 mv, c, = 2 x 

2 x 
mole/ 

cm3, T = 300"K, a = 5 x lo-" cm. 

.05 .I0 (T .I5 20 

Fxo. 12. Plot of S,,, versus a; effect of temperature. T = 300, 320, 340, 360°K 
from top down; wo = -100, y, = 100mv. C, = c-. = mole/ 

cm3, a = 5 x 10-" cm. 
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S."C 

I 

.05 .I0 .I5 .20 

FIG. 14. Plot of Zcxc versus a; effect of 0. u = lo-', 5 x 10-8 crn; yo = -100, 
y ,  = 100 mv, cm = c,,,.. = mole/crn3, T = 300°K. 
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408 WILSON 

A comparison of the lower curves in Figs. 13 and 8 shows quite clearly 
the difference in behavior at low concentrations. This may be due, at least 
in part, to the fact that the third method involves the use of a discrete cell 
model, while the second does not. Figure 14 shows the very great dif- 
ferences which result as the size of the particles is increased. The behavior 
seen here is markedly different from that observed for the second method 
(Fig. 9). In either case, however, it is evident that anything which results 
in larger floc particle size without a corresponding decrease in floc particle 
zeta potential will improve the effectiveness of floc foam flotation separa- 
tions. 

CONCLUSIONS 

We draw the following conclusions 

(1) Practically any reasonable model for floc adsorption on an ionic 
surfactant film predicts decreasing isotherms with increasing ionic 
strength and temperature, although the temperature dependence 
is weak. 

(2) For ions of realistic size, the effect of the size of the ions constitut- 
ing the ionic atmospheres of the floc particles and the surfactant 
film is rather small for all our models. 
Increasing the magnitude of the film surface potential or the 
magnitude of the floc charge (or zeta potential) increases the 
isotherms for all our models. 
Increasing floc particle size at constant zeta potential (or particle 
charge) increases the isotherms for all our models. 

(3) 

(4) 
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